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AN OUTLINE OF OBSTRUCTION THEORIES OF EXTENSIONS
VIA TRACK CATEGORIES
MARIAM PIRASHVILI
Abstract. Abelian track categories can be classified via the third Baues-
Wirsching cohomology of small categories. This approach is used in this paper
to compare and classify different generalisations of the obstruction theory of
non-abelian group extensions, due to Cegarra, Garzo´n and Grandjean, Cegarra,
Garzo´n and Ortega, and Chen, Du and Wang.
1. Introduction
The 3-dimensional cohomology groups appear in the study of extensions of non-
abelian groups. The general problem is that of constructing all short exact sequences
given end groups G and Π and given an abstract kernel η : Π→ G. In [7], Eilenberg
and MacLane showed that the existence of such extensions depends on an element,
referred to as the obstruction, in the third cohomology H3(Π, Z(G)).
There have been numerous generalisations of this obstruction theory. In [4, 5],
Cegarra et al. defined graded extensions of categories by a group, with and without
a monoidal structure on the category. More recently, in [6], the authors defined
extensions of groupoids by another groupoid. These theories are also related by the
fact that they are all special cases of Grothendieck cofibrations.
In fact, we show in this paper that using the Baues-Wirsching cohomology for
small categories, we can give a unified viewpoint for all these theories. We con-
struct a class in the third Baues-Wirsching cohomology, which in different settings
connects all of these classes in a non-trivial way. We exploit the crucial obser-
vation of Baues-Jibladze that abelian track categories are classified by the third
Baues-Wirsching cohomology. Any such track category defines a class in the third
cohomology. We show that all the above-mentioned classes can be obtained by
choosing the appropriate track category.
This allows for a unified view of these related construction, as well as allowing
for comparisons between them.
In particular, to obtain all Eilenberg-Maclane classes, we construct an abelian
track category which has not been considered before. The objects of said track cat-
egory are groups with surjective homomorphisms as 1-morphisms and 2-morphisms
given by conjugation. This gives a class in H3(G∼, D
G), where G∼ is the homotopy
category of said track category, and the associated natural system DG is the functor
which assigns to each group its centre. Then for each group, we can consider the re-
striction to the one-object subcategory, with 1-morphisms the outer automorphisms
of the group and the centre of the group as the associated natural system, and thus
recover the associated Eilenberg-Maclane class.
2. Third cohomology and abelian track categories
Track categories are groupoid enriched categories. A track category is abelian if
the automorphism group of any 1-arrow is abelian. By a fundamental observation
of Baues and Jibladze [2], any abelian track category T defines an element in third
cohomology, called the global Toda class of T .
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In this section we recall the basic definitions and facts needed to explain this
result.
2.1. Category of factorizations and natural systems. For a category I, one
denotes by FI the category of factorizations of I [1]. Let us recall that objects of
the category FI are morphisms α : i→ j of I. A morphism from α to β : k→ l in
FI is a pair (ξ, η), where ξ : k→ i and η : j → l are morphisms in I such that
β = η ◦ α ◦ ξ.
In other words, the following diagram
j
η // l
i
α
OO
k
ξ
oo
β
OO
commutes. If (ξ′, η′) is also a morphism in FI from β : k→ l to β′ : k′ → l′:
j
η // l
η′ // l′
i
α
OO
k
ξ
oo
β
OO
k′
ξ′
oo
β′
OO
then the composite morphism α→ β′ in FI is defined by
(ξ′, η′)(ξ, η) = (ξξ′, η′η).
Clearly (ξ, η) is an isomorphism in FI iff both ξ and η are isomorphisms in I.
Let I be a small category. A natural system of abelian groups on I is a functor
D from the category FI to the category Ab of abelian groups. For a natural system
D we usually denote the value of D on α : i→ j by Dα as well as D(α). If α is the
identity Idi : i → i we write Di instead of DIdi . For morphisms ξ : k → i and η :
j → l we also denote actions of D(ξ, Idj) : Dα → Dαξ, resp. D(Idi, η) : Dα → Dηα
on an element a ∈ Dα by ξ
∗(a), resp. η∗(a) or as well by aξ, resp. ηa. It is clear
that
(ξ, η) = (ξ, Idj)(Idi, η) = (Idi, η)(ξ, Idj),
i. e. in Dηαξ one has ξ
∗η∗(a) = η∗ξ
∗(a) for any a ∈ Dα.
2.2. Baues-Wirsching cohomology. LetD be a natural system of abelian groups
on a small category I. Following Baues and Wirsching [1] we define the cochain
complex C∗(I;D) by
C0(I;D) =
∏
i∈Ob(I)
Di
and
Cn(I;D) =
∏
i0
ı1←−···
ın←−in
Dı1···ın , n > 0
The boundary operator is defined by d =
∑n
i=0(−1)
iδi, where the coface operators
δm : Cn(I;D)→ Cn+1(I;D) are defined as follows. If m = 0 one puts:
(δ0(f))(i0
ı1←− · · ·
ın+1
←−−− in+1) = ı1∗f(i1
ı2←− · · ·
ın+1
←−−− in+1),
For 0 < m < n one puts
(δm(f))(i0
ı1←− · · ·
ın+1
←−−− in+1) = f(i0
ı1←− · · ·
ı
←−m−1
ımım+1
←−−−−− iν+1 ←− · · ·
ın+1
←−−− in+1)
and finally for m = n one puts
(δn(f))(i0
ı1←− · · ·
ın+1
←−−− in+1) = (ın+1)
∗f(i0
ı1←− · · ·
ın←− in)
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for n > 0.
Definition 2.1. Let D be a natural system of abelian groups on a small category I.
The cohomology H∗(I;D) of I with coefficients in D is defined as the cohomotopy
of the cochain complex C∗(I;D).
We will now discuss functorial properties with respect of the first variable. Let
q : C → I be a functor and D be a natural system of abelian groups on I. Then
we have a natural system Dq on C, given by α 7→ Dq(α), where α is a morphism of
C. In this notation there is a cochain map q∗ : C∗(I, D)→ C∗(C, Dq) given by
q∗(f)(c0
α1←− · · ·
αn+1
←−−− cn+1) = f(q(c0)
q(α1)
←−−− · · ·
q(αn+1)
←−−−−− q(cn+1))
In particular we have induced map in cohomology
q∗ : Hn(I, D)→ Hn(C, Dq), n ≥ 0.
Of the special interests is the case, when C is a subcategory of I and
q is the inclusion. In this case insteate Dq we write simply D and the
above map in cohomology is called the restriction homomorphism and
is denoted by Res : H∗(I, D)→ H∗(C, D).
2.3. Functors and bifunctors as natural systems. . There are functors
FI
q
−→ Iop × I
and
p1 : I
op × I → Iop, p2 : I
op × I → I
given respectively by
q(α : i→ j) = (i, j), p1(i, j) = i, p2(i, j) = j.
Thus any bifunctor B : Iop × I → Ab, resp. any covariant functor F : I → Ab or
any contravariant functor G : Iop → Ab, gives rise to natural systems on I given by
D(α : i→ j) = B(i, j) respectively D(α : i→ j) = F (j) or D(α : i→ j) = G(i). In
what follows we will consider the functors and bifunctors as natural systems in this
way. Thus there are well-defined cochain complexes C∗(I , B), C∗(I, F ), C∗(I , G)
and cohomologies H∗(I, B), H∗(I, F ), H∗(I, G). The groups H∗(I, F ) are quite
classical and coincide with right derived functors of the limit, studied for example
in [10].
2.4. The case of groupoids. Let G be a small groupoid (for example, it can be a
group, considered as a one object category). There is a functor κ : G→ FG which
is given on objects by κ(g) = (g
Idg
−−→ g). The functor κ takes a morphism η : g → h
of G to the morphism (η−1, η) : Idg → Idh. In other words, one has a commutative
diagram
g
η // h
g
Id
OO
h
η−1
oo
Id
OO
Lemma 2.2. The functor κ is an equivalence of categories.
Proof. Define the functor ι : FG→ G on objects by
ι(x
α
−→ y) = y = codomain(α)
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and on morphisms by ι(ξ, η) = η. Here (ξ, η) is a morphism α→ β in the category
FG, thus one has a commutative diagram
y
η // v
x
α
OO
u
ξ
oo
β
OO
Then obviously ι ◦ κ = IdG. Moreover there is a natural isomorphism of functors
θ : κ ◦ ι → IdFG. Here θ(x
α
−→ y) = (α, Idy). This follows from the following
commutative diagram
y
Id // y
y
Id
OO
x
α
oo
α
OO

LetG be a small groupoid. Then there is an isomorphism of categoriesGop → G
which is the identity on objects and takes a morphism to its inverse. Hence the
category of contravariant functors from G to Ab is isomorphic to the category of
covariant functors from G to Ab and both categories are equivelent to the category
of natural systems on G thanks to Lemma 2.2.
Especially nice is the case when G is a one object category corresponding to a
group G. In this case, a covariant functor G→ Ab is nothing but a left G-module.
Any such A gives rise to a natural system D on G, where Dx = A for all x ∈ G.
Moreover, for any a ∈ A, x, y, z ∈ G, the maps
y∗ : Dx = A→ A = Dxy, z
∗ : Dx = A→ A = Dzx
are given by y∗(a) = ya and z
∗(a) = a respectively. Conversely, if D is a natural
system on G then one obtains a G module A as follows: A = D1 (here 1 is the unit
of G considered as the identity morphism of G). The left action of G on A is given
by
xa = x∗(x
−1)
∗
a
for a ∈ A and x ∈ G. Thus, the category of natural systems onG is equivalent to the
category of left G-modules. By comparing the Baues-Wirsching cochain complex
with the classical complex used in group cohomology, we see that H∗(G, D) =
H∗(G,A), where A = D1 with the above actions.
Actually this isomorphism can be generalised to groupoids. This follows from
the fact that any groupoid is equivalent to a groupoid which is a disjoint union
of one object groupoids (i.e. groups considered a one object categories). Denote
by Λ the set of connected components of G and for each λ ∈ Λ choose an object
xλ in the connected component corresponding to λ. Denote by Gλ the group of
automorphisms of xλ then
(1) H∗(G, D) ∼=
∏
λ
H∗(Gλ, Aλ)
where Aλ is the evaluation of D on the morphism Idxλ : xλ → xλ.
2.5. Track categories. Recall that a track category (known also as a groupoid
enriched category) T has objects A,B,C, · · · and for any two objects A and B a
small groupoid T(A,B) is given, called the hom-groupoid of T. Moreover, for any
triple of objects A,B,C we have a composition functor
T(B,C)×T(A,B)→ T(A,C).
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For any object A the identity 1A is given which is an object of T(A,A). These
data must satisfy the usual equations of associativity and identity. Objects of the
category T(A,B) are called 1-morphisms in T, while morphisms from T(A,B)
are called 2-morphisms or tracks. 1-morphisms are denoted by f, g etc, while 2-
morphisms are denoted by α, β etc. If f is a 1-morphism from A to B we write
f : A → B, while for a 2-morphism α from f to g we write α : f ⇒ g. For 1-
morphisms we use multiplicative notation, while for 2-morphisms we use additive
notation. So we write gf : A→ C for the composite of 1-morphisms f : A→ B and
g : B → C. We write β + α : f ⇒ h for the composite of 2-morphisms α : f ⇒ g
and β : g ⇒ h. Similarly, by 0f or simply by 0 we denote the identity morphism of
the object f in the category T(A,B).
A 1-morphism g : B → C induces the functors
g∗ : T(A,B)→ T(A,C), f 7→ gf, α 7→ g∗α,
g∗ : T(C,D)→ T(B,D), h 7→ hg, β 7→ g∗β.
These functors are restrictions of the composition functors. It follows from the
definition that the following relations hold:
TR 1 (α+ β) + γ = α+ (β + γ),
TR 2 α+ 0 = α = 0 + α,
TR 3 f∗(α+ β) = f∗(α) + f∗(β),
TR 4 g∗(α+ β) = g∗(α) + g∗(β),
TR 5 f∗(0) = 0 = g∗(0),
TR 6 (ff1)
∗ = f∗1 f
∗, 1∗ = 1,
TR 7 (gg1)∗ = g∗g1∗, 1∗ = 1,
TR 8 g∗f
∗ = f∗g∗,
TR 9 f∗1 (β) + g∗(α) = g1∗(α) + f
∗(β).
The following diagram explains the 1-morphisms and 2-morphisms in TR 9:
A
f
))
f1
55 B
g
))
g1
55 C , α : f ⇒ f1, β : g ⇒ g1.
The equality TR 9 holds in T(gf, g1f1). The common value in TR 9 is denoted by
β ∗ α and is called the Godement product.
A basic example of a track category is Cat, the 2-category of small categories.
The objects of Cat are small categories, 1-morphisms are functors and 2-morphisms
are natural isomorphisms. It has several interesting 2-subcategories, for example
the track category Gpd of groupoids, functors and their natural transformations.
Let us return to general track categories.
There are several categories associated to a track category T. The most impor-
tant for us is the category T0, which has the same objects as T, and the morphisms
in T0 are the 1-morphisms of T.
Another category which can be associated to T is the category T1. It has the
same objects as T. The morphisms A → B in T1 are triples (f, f1, α) where
f, f1 : A → B are 1-morphisms in T and α : f ⇒ f1 is a 2-morphism in T. The
composition in T1 is defined by
(g, g1, β) ◦ (f, f1, α) = (gf, g1f1, β ∗ α).
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One then has the source and target functions
T0
s
←− T1
t
−→ T0,
where both functors are identity on objects and on morphisms are given by s(f, f1, α) =
f and t(f, f1, α) = f1. Sometimes we also write
T1 ⇒ T0
instead of a track category T.
The homotopy category T∼ of a track category T is the category whose objects
are the same as for T, while morphisms are homotopy classes of 1-arrows of T.
Recall that two 1-arrows f, g : A→ B are homotopic if there is a track α : f ⇒ g.
A strict 2-functor F : T → T′ from a track category T to a track category T′
assigns to each A ∈ ObT an object F (A) ∈ Ob(T′), to each 1-morphism f : A→ B
in T – a 1-morphism F (f) : F (A)→ F (B) in T′, and to each 2-morphism α : f ⇒ g
for f, g : A → B, a 2-morphism F (α) : F (f) ⇒ F (g) in a functorial way, i. e. so
that one gets functors
FA,B : T(A,B)→ T
′ (F (A), F (B)) .
Moreover these assignments are compatible with identities and composition, or
equivalently induce a functor T1 → T
′
1, that is, F (1A) = 1F (A) for A ∈ Ob(T),
F (fg) = F (f)F (g), F (α ∗ β) = F (α) ∗ F (β) and F (0) = 0.
We also need a weaker version which is called a 2-functor. We will need it only
in the case when the source category is an ordinary category, considered as a track
category (where the only 2-morphisms are 0 : f ⇒ f).
Definition 2.3. Let T be a 2-category and let I be a category. A 2-functor F :
I 99K T consists of the following data:
– an object F (i) for each object i ∈ I,
– a 1-morphism F (α) : F (i)→ F (j) for each morphism α : i→ j in I,
– a track F (α, β) : F (α)F (β)⇒ F (αβ) for all composable arrows
i
β // j
α // k
of the category I.
One requires that the following conditions hold:
(i) F (α, Id) = 0 and F (Id, α) = 0,
(ii) for all composable arrows
i
γ // j
β // k
α // l
of the category I one has the following equality in T(F (αβγ), F (α)F (β)F (γ)):
(2) F (α, βγ) + F (α)∗f(β, γ) = F (αβ, γ) + F (γ)
∗F (α, β).
2.6. Track categories and natural systems. Recall that T0 denotes the under-
lying category of a track category T. For any morphism f : A → B of T0 we let
Aut(f) be the collection of all automorphisms of f in the category T(A,B). Thus,
this is the collection of all 2-morphisms α : f ⇒ f . It follows from TR 1 and TR
2 that Aut(f) is a group. Moreover, for any morphism g : B → C of the category
T0, we have maps g∗ : Aut(f) → Aut(gf) and f
∗ : Aut(g) → Aut(gf), which are
group homomorphisms thanks to TR 3 – TR 5. Moreover, in this way one obtains a
natural system Aut of groups on T0. This follows from the identities TR 6 – TR 8.
The natural system Aut is sometimes denoted by AutT in order to explicitly show
the dependence on the track category T.
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2.7. Abelian track categories, linear track extensions and the global Toda
class. Recall that a groupoid G is abelian if for any object x of G the group of
authomorphisms of x is abelian.
A track category T is an abelian track category if T(A,B) is an abelian groupoid
for all A,B ∈ ObT. In this case AutT is a natural system of abelian groups.
Definition 2.4. [2] Let D be a natural system of abelian groups on a category C.
A linear track extension of C by D, denoted by
D+
σ
−→ T1 ⇒ T0
q
−→ C,
is a track category T equipped with a functor q : T0 → C such that q induces an
isomorphism of categories T∼ → C, and an isomorphism σ : Dq → Aut
T, where Dq
is a natural system of abelian groups on T0 given by f 7→ Dq(f). Thus, such a linear
extension consists of a collection of isomorphisms of groups σf : Dq(f) → Aut(f)
for each 1-arrow f : A→ B of T, which have the following properties.
(i) The functor q is full and the identity on objects. In addition, for f, g : A→ B
in T0 we have q(f) = q(g) iff there exists a track f ⇒ g. In other words, the
functor q identifies C with T∼.
(ii) For α : f ⇒ g and ξ : Dq(f) = Dq(g) we have σf (ξ) = −α+ σg(ξ) + α.
(iii) For any 1-arrows A
f
−→ B
g
−→ C
h
−→ D in T0 and any ξ ∈ Dq(g) one has
h∗σg(ξ) = σhg(q(h)∗ξ), f
∗σg(ξ) = σgf (q(f)
∗ξ).
Given a 2-functor F : B→ I, we can compose with q to get a functor F¯ : I→ C.
This is called a collective character, following the classic terminology by Teichmu¨ller
[12]. Conversely, we can ask whether for a given collective character F¯ : I → C
there exists a lifting as a 2-functor F : I → T and if it exists, how to classify all
such liftings. As we will see, the answer depends on an obstruction class in third
cohomology. This construction is analogous to the one by Teichmu¨ller for a similar
situation with linear algebras, and to that by Eilenberg-MacLane, for the study of
obstructions to group extensions with non-abelian kernels.
To state the corresponding results, we will fix some notation. If F : I → T is
a 2-functor and F¯ : I → C is the corresponding collective character, then for any
object i of I we have F¯ (i) = F (i). Thus if a given collective character F¯ : I→ C has
a lifting F , then F (i) must be F¯ (i). Thus we are searching to find a pair (F1, F2) of
functions known as a factor set or 2-cocycle. The function F1 assigns a 1-morphism
F1(α) to each morphism α : i → j in I with the property qF1(α) = F¯ (α), and a
track F2(α, β) : F (α)F (β) ⇒ F (αβ) for all composable arrows i
β
−→ j
α
−→ k such
that the conditions (i) and (ii) of Definition 2.3 hold. Two such 2-cocycles (F2, F1)
and (F ′2, F
′
1) are equivalent if there exists a function ϕ, which assigns to any arrow
α : i→ j a track ϕ(α) : F1(α)⇒ F
′
1(α) such that for all composable arrows
i
β // j
α // k
of the category I one has the following commutative diagram of tracks
F1(α) ◦ F1(β)
F2(α,β) //
F1(α)∗ϕ(β) ((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
F1(αβ)
ϕ(αβ) // F ′1(αβ)
F1(α) ◦ F
′
1(β)
F ′1(β)
∗ϕ(α)
// F ′1(α) ◦ F
′
1(β)
F ′2(α,β)
OO
.
In other words, one has the following equality in T(F1(α) ◦ F1(β), F
′
1(α) ◦ F
′
1(β))
F ′2(α, β) = ϕ(αβ) + F2(α, β) − F (α)∗ϕ(β) − F
′
1(β)
∗ϕ(α).
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The set of all such factor sets up to equivalence with fixed F¯ is denoted by
H2(I,T).
Let D+
σ
−→ T1 ⇒ T0
q
−→ C be a linear track extension of a category C by
a natural system D. Then [2] the universal Toda bracket 〈T〉 is the element of
H3(C, D) represented by the following cocycle: choose for each morphism f of T∼
a representative 1-arrow s(f), that is q(s(f)) = f . Furthermore, choose a track
ϕ(f, g) : s(f)s(g) ⇒ s(fg) for any composable pair A
g
−→ B
f
−→ C of the category
C. Such pair (s, ϕ) is called a section of q. It follows that h∗ϕf,g + ϕfg,h and
f∗ϕg,h + ϕf,gh both define tracks s(fgh)⇒ s(f)s(g)s(h) and hence
(3) f∗ϕ(g, h) + ϕ(f, gh)− ϕ(fg, h)− h
∗ϕ(f, g)
determines an element in Aut(s(f)s(g)s(h)). Going back via σ, this determines
an element c(f, g, h) ∈ Dfgh. Varying f, g, h one obtains a 3-dimensional cocycle,
whose class in cohomology is 〈T〉 ∈ H3(C, D).
Lemma 2.5. (i) Let q : T → C be the canonical strict 2-functor, which assigns
the identity to all tracks (here and elsewhere, categories are considered as track
categories with trivial tracks). Then q has a section as a 2-functor iff 〈T〉 = 0.
(ii) More generally, given a category I and a functor F¯ : I → C, we can lift the
functor F¯ to T as a 2-functor if and only if the pull-back ObsF¯ = F¯
∗(〈I〉) ∈
H3(I, DF¯ ) is zero.
(iii) Suppose we are given a collective character F¯ : I → C which has a lift as a
2-functor F : I→ T, so the obstruction ObsF¯ is zero. Then the set of all such
liftings of F¯ up to equivalence is in one-to-one correspondence with elements
in H2(I, DF¯ ). In fact, the set of such linear track extensions up to equivalence
is a torsor over H2(I, DF¯ ).
Proof. (i) Let (s, ϕ) be a section of q. For it to be a 2-functor, the equation (2)
has to hold. This is equivalent to the vanishing of the 3-cocycle c defined in the
equation (3). Conversely, let c defined in the equation (3) be a coboundary,
i.e. c(f, g, h) = f∗ρ(g, h)+ρ(f, gh)−ρ(fg, h)−h
∗ρ(f, g) for a function ρ which
assigns to each composable pair of morphisms A
g
−→ B
f
−→ C an element in Dfg.
We have a corresponding track ρ¯(f, g) := σs(f)s(g)(ρ(f, g)) ∈ Aut(s(f)s(g)).
We define τ = ϕ− ρ¯. It is clear that τ(f, g) is a track s(f)s(g)s(h)⇒ s(fgh).
So, the pair (s, τ) is also a section, for which the corresponding 3-cocycle
cτ (f, g, h) vanishes and hence (s, τ) defines a section of q which is a 2-functor.
(ii) This is a formal consequence of part (i) and the pull-back construction.
(iii) We describe an action
H2(I, DF¯ )×H
2(I,T)→ H2(I,T).
Let h be a normalised 2-cocycle representing the class of [h] ∈ H2(I, DF¯ ), and
let (F2, F1) be a factor set representing the class [F2, F1] ∈ H
2(I,T). Then the
result of the action is the class represented by the factor set (F ′2, F1), where
F ′2(α, β) = σF1(αβ)(h(α, β)) + F (α, β).
To see that this is well-defined, and the action is transitive follows closely to
the proof of Theorem 9 in [4].

The most important example of linear track extensions arises from abelian track
categories [2]. Namely, if T is an abelian track category, then obviously AutT is a
natural system of abelian groups on T0. It was proved by Baues and Jiblazde that
there exists a unique (up to isomorphism) natural system of abelian groups DT on
T∼ and an isomorphism of natural systems σ : D
T
q → Aut
T. Hence any such track
category defines an element 〈T〉 ∈ H3(T∼, D
T).
AN OUTLINE OF OBSTRUCTION THEORIES OF EXTENSIONS VIA TRACK CATEGORIES9
3. Applications to Crossed modules, the Eilenberg-MacLane
obstruction class and the Teichmu¨ller class
3.1. Crossed modules and track categories. Recall that a crossed module is a
group homomorphism δ : T → R together with an action of R on T satisfying:
δ(rt) = rδ(t)r−1 and δts = tst−1, r ∈ R, t, s ∈ T.
It follows from the definition that the image Im(δ) is a normal subgroup of R, and
the kernel Ker(δ) is in the centre of T . Moreover, the action of R on T induces an
action of G on M = Ker(δ), where G = Coker(δ). So we have an exact sequence
0→M → T
δ
−→ R
p
−→ G→ 0,
called a crossed extension of a group G by a G-module M . Such an extension
defines an element in H3(G,M), see for example [3, Ch. IV. Section 5]. We recall
the construction of this class.
Choose a pair of maps (s : G→ R, σ : G×G→ T ) for which the following hold:
ps(x) = x, s(x)s(y) = δ(σ(x, y))s(xy), x, y ∈ G.
Then the map
(4) f(x, y, z) = xσ(y, z)σ(x, yz)σ(xy, z)−1σ(x, y)−1
defines a 3-cocycle f ∈ Z3(G,M). The class of this cocycle in H3(G,M) is denoted
by 〈δ〉.
We will show that this classical construction is a special case of the global Toda
bracket construction. To this end, for a group L we let L denote the one object
category whose morphisms are the elements of L. Denote by Tδ the following track
category. It has only one object, 1-arrows are elements of R and the composition is
induced by the product rule in R. A track from r to r′ in Tδ is an element t ∈ T
such that r′ = δ(t)r (observe that now we use multiplicative notation for tracks,
which should not cause any complications) and we write t : r ⇒ r′. Moreover, for
a track t : r ⇒ r′ and x, y ∈ R, considered as 1-arrows, we set
x∗(t) =
xt : xr ⇒ xr′ and y∗(t) = t : ry ⇒ r′y.
One easily sees that we indeed obtain a track category, with
(Tδ)0 = R, (T
δ)∼ = G.
Furthermore, the natural system DT is nothing but the G-module M . This easily
follows from the fact that Aut(r) = M for all r ∈ R.
Lemma 3.1. One has the equality
〈Tδ〉 = 〈δ〉.
Proof. By the isomorphism (1) the cohomology groups in questions are the same.
The rest follows by comparing the equations (3) and (4) and the fact that y∗(t) = t
for all y ∈ R, t ∈ T . 
3.2. The track category related to the category of groups and the Eilenberg-
MacLane obstruction class. Recall that to given groups Π, G and a group ho-
momorphism η : Π → Out(G), Eilenberg and MacLane associated an obstruction
class Obsη ∈ H
3(Π,Z(G)), where Z(G) denotes the centre of G. In this section we
construct a class, which is independent of the groups Π and G, and which restricts
to all these classes, see Proposition 3.3 below. Before we state this result explicitly,
let us recall some basic facts related to the class Obsη, following [9].
If
E : 1→ G
κ
−→ B
σ
−→ Π→ 1
is a group extension, the epimorphism σ induces a homomorphism η : Π→ Out(G),
where Out(G) is the group of outer automorphisms of G. This happens in the
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following way: We have an action of B on G via conjugation, which gives us
the homomorphism θ : B → Aut(G). Because θ(κ(G)) ⊂ In(G), where In(G) is
the group of inner automorphisms, we have the induced homomorphism η : Π →
Aut(G)/In(G) = Out(G).
We say that the extension E has conjugation class η: thus η records in which
way G appears as a normal subgroup of B. Conversely, call a pair of groups Π, G
together with a homomorphism η : Π→ Out(G) an abstract kernel.
The general problem of group extensions is constructing all extensions E to a
given abstract kernel (Π, G, η). Given such an abstract kernel however, there might
not necessarily exist an extension of Π by G that induces η.
The obstruction to the existence of an extension
1→ G→ B → Π→ 1
that induces η is given by a certain class Obsη in the third cohomology group
H3(Π,Z(G)), where Z(G) is the centre of G.
To each group G we associate the canonical crossed module µ : G → Aut(G).
The kernel and cokernel of µ make up the crossed extension
0→ Z(G)→ G→ Aut(G)→ Out(G)→ 1.
Here, Z(G) is the kernel of µ, while Out(G) is the cokernel. As outlined in the
previous section, this crossed extension leads to an element ClG in the third co-
homology group H3(Out(G),Z(G)). Now we use the pull-back construction of the
homomorpism η to create another crossed extension of Π via Z(G):
0 // Z(G) //
id

G //
id

X //

Π
η

// 1
0 // Z(G) // G // Aut(G) // Out(G) // 1.
The class of this crossed extension in H3(Π,Z(G)) is denoted by Obsη. Thus we
have the basic formula
(5) Obsη = η
∗(ClG),
where η∗ is the induced homomorphism H3(Out(G),Z(G))→ H3(Π,Z(G)).
Now we are in the position to formulate the following classical result of Eilenberg
and MacLane, see [3, Ch.IV. Section 6] or [9, Ch. IV].
Theorem 3.2. (Eilenberg-MacLane)
The abstract kernel (Π, G, η) has an extension if and only if Obsη = 0.
Next, we construct a universal class 〈G〉, such that all obstruction classes Obsη
are restrictions of 〈G〉. To this end, let us consider the following track category
G. The objects of G are groups, the 1-morphisms are surjective homomorphisms,
and the set of 2-morphisms between two 1-morphisms f, g : G → H is given by
{b ∈ H |f(a) = b+ g(a)− b} ⊆ H .
Let us denote the underlying category by G0, and the homotopy category by
G∼. Thus G0 is the category whose objects are groups and whose morphisms are
surjective group homomorphisms, while the category G∼ has as objects groups,
while the morphisms are conjugacy classes of surjective homomorphisms. By our
description of 2-morphisms, for each morphism f : G→ H the group Aut(f) is the
group
Zf = {b ∈ H |f(a) + b = b+ f(a)}.
Since f is surjective, we see that Zf is the centre of H and hence is abelian. There-
fore, we have an abelian track extension
0→ DG → G1 ⇒ G0 → G∼ → 1,
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with the natural system D being given by abelian groups
DGf :G→H = Z(H).
It follows that DG in our case is a natural system induced by the functor
G∼ → Ab, H 7→ Z(H).
Thus we obtain the class 〈G〉 ∈ H3(G∼, D
G), where the last group is the cohomology
of the category G∼ with coefficients in a functor H 7→ Z(H).
Remark. Since the track category G is not small, we have to be more careful in
this place. To avoid set theoretical problems, we have to fix two universes U1 ⊂ U2.
The elements of U1 are called sets, while elements of U2 are called classes. The
objects of our categories are classes, while morphisms between two fixed objects
form a set. In this framework the definition of a cochain complex of a category
still makes sense, but as a cochain complex of classes, and hence, cohomologies are
not sets in general, but classes. Regarding our primary interest H∗(G∼, D
G), we
conjecture that nevertheless they are sets. The same reasoning is applied to other
non-small categories considered below.
Let η : G→ Out(Π) be an abstract kernel. Then η can be considered as a functor
η : G→ G∼, which sends the unique object of G to Π ∈ G∼.
Proposition 3.3. For every abstract kernel η : G → Π, we have the induced
homomorphism
η∗ : H3(G∼, D
G)→ H3(Out(G),Z(G))
and the following equality
(6) Obsη = η
∗(〈G〉).
Moreover, if we identify the one object category Out(Π) with a subcategory of G∼
which has a single object Π and morphisms are isomorphisms in G∼, then we have
(7) ClΠ = Res(〈G〉)).
Proof. Thanks to the equality (5), the equality (7) implies (6). To show the equality
(7), we consider the crossed module δ : Π→ Aut(Π), where δ sends element of Π to
the inner automorphisms of Π. The rest follows from the fact that the track category
Tδ (see the previous section) is isomorphic to the one object track subcategory of
G with object the group Π, where 1-morphisms are isomorphism of Π, while 2-
morphisms are the same as in G. 
3.3. The track category related to the category of rings and the Te-
ichmu¨ller class. Let A be a ring. Denote by Aut(A) the group of ring auto-
morphisms of A. Denote by U(A) the group of invertible elements of A. There is
an obvious homomorphism of groups ∂ : U(A)→ Aut(A), which sends an invertible
element a to the inner automorphism ∂a : A → A, where ∂a(x) = axa
−1. Then
U(A)
∂
−→ Aut(A) is a crossed module and
eA : 0→ U(Z(A))→ U(A)
∂
−→ Aut(A)→ Out(A)→ 1
is a crossed extension, where Z(A) is the centre of A and Out(A) = Coker(∂). This
crossed module and the corresponding element hA in H
3(Out(A),U(Z(A))) play
an important role in the work of Huebschmann [8] on the Teichmu¨ller class in the
Galois theory of rings.
If A is varied, one obtains different classes and the relationship between these
classes in unclear. We will now prove that these classes are in fact a restriction of
a unique class, which is independent of the chosen ring A.
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Let us consider the following track category R. The objects of R are rings, the
1-morphisms are surjective homomorphisms of rings, and the set of 2-morphisms
between two 1-morphisms f, g : A→ B is given by
{b ∈ U(B)|f(a) = bg(a)b−1} ⊆ B.
Therefore, for each morphism f : A → B, Aut(f) is the abelian group Zf = {b ∈
U(B)|f(a)b = bf(a)}, which is the centre of U(B). Let us denote the underlying
category by R0, and the homotopy category by R∼. Hence we have an abelian
track extension
0→ DR →R1 ⇒ R0 →R∼ → 1,
where the natural system DR assigns the abelian group Z(U(B)) to a morphism
A→ B in R∼. In fact, this natural system is induced by the functor
R∼ → Ab, B 7→ Z(B).
In this way one obtains the element in H3(R∼, D
R), which is denoted by 〈R〉 and
is called the global Teichmu¨ller class.
For a fixed ring A we can consider a track subcategory of R, which has just
one single object A and the 1-morphisms of which are automorphisms. The tracks
f =⇒ g are the same as in R. Then this track subcategory is the track category
corresponding to the crossed extension eA. Hence we obtain
hA = Res(〈R〉).
4. Applications to graded extensions of (monoidal) categories
4.1. Recollection on Grothendieck cofibrations. Let P : E → B be a functor
and B be an object of B. The fibre EB of P over B is the subcategory of E consisting
of all morphisms f such that P (f) = idB. In particular, the objects of EB are such
objects E of E that P (E) = B. Denote by iB : EB →֒ E the inclusion functor. We
say that a morphism f : E → F in the category E is over a : A → B if P (f) = a.
This of course implies that E ∈ EA and F ∈ EB.
A morphism f : E → F in the category E is called cocartesian over a = P (f) :
A→ B, if each morphism g : E → G in E and each decomposition of b = P (g) = c◦a
in B uniquely determines a morphism h : F → G in E over c with g = h ◦ f :
E
P

G
E
f
//
g
77♦♦♦♦♦♦♦♦♦♦♦♦♦♦
F
h
??
⑦
⑦
⑦
⑦
⑦
⑦
⑦
⑦
C
B A
a
//
b
77♦♦♦♦♦♦♦♦♦♦♦♦♦♦
B
c
??
⑦
⑦
⑦
⑦
⑦
⑦
⑦
⑦
The functor P : E → B is a cofibration if above each morphism A = P (E) → B
in B there is a cocartesian morphsim E → F .
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A cleavage in a cofibration f : E → F is a choice, for each object E of E and
morphism a : A = P (E) → B in B, of a cocartesian morphism a∗ : E → F above
a. If P is equipped with a cleavage, it is said to be cloven. The cleavage defines
the functor a∗ : EA → EB, which sends an object E over A to the codomain of the
cocartesian morphism a∗. In fact,
A 7→ EA, a 7→ a∗
yields a 2-functor B → Cat. Conversely, having a 2-functor B
Ψ
−→ Cat, one can
construct the category E = B
∫
Φ, known as the Grothendieck construction. The
objects of B
∫
Φ are pairs (A, x), where A is an object of B and x is an object of
Ψ(A). A morphism (A, x) → (B, y) in B
∫
Φ is a pair (a, α), where a : A→ B is a
morphism in B, while α : Φ(a)(x) → y is a morphism in Ψ(B). The composite of
morphisms (A, x)
(a,α)
−−−→ (B, y) and (B, y)
(b,β)
−−−→ is (A, x)
(c,γ)
−−−→ (C, z), where c = ba,
while γ is the composite
c∗(x) = Φ(ba)(x)→ Φ(b)(Φ(a)(x))
Φ(α)(x)
−−−−−→ Φ(b)(y)
β
−→ z.
Consider the functor P : B
∫
Φ→ B , where
P (A, x) = A and P (a, α) = a.
One easily checks that the morphisms of the form (a, id) are cocartesian and hence
P is a cofibration. Grothendieck proved that in this way one obtains a one-to -one
correspondence between cofibarions over B (up to equivalence) and 2-functors from
B → Cat.
Lemma 4.1. If E and B are groupoids and P is full, then P is a cofibration.
Proof. The result follows from the fact that any isomorphism is cocartesian. 
4.2. The class of Cegarra-Garzo´n-Grandjean. In [4], the authors define an
extension of a category C by a group G. In the case when C is the category Π
associated to a group Π one recovers the classical theory of group extensions.
A stable G-grading on a category D is a functor g : D → G such that for every
object A ∈ D and x ∈ G, there is an isomorphism κ in D with source A and such
that g(κ) = x. We refer to g(κ) as the grade of κ. Then we can define the category
Ker(D) as the subcategory consisting of all morphisms of grade 1.
A G-graded extension [4] of a category C is a stably G-graded category whose
kernel is isomorphic to C.
In this setting, by a factor set, or 2-cocycle on G with coefficients in C, we shall
mean a 2-functor G → Cat, the category of small categories, that associates the
category C to the unique object of G. This is a special case of the Grothendieck
construction where G is the one-object category associated to the group G, rather
than a general (small) category.
The centre of C, Z(C), is defined as the set of all natural transformations u : idC →
idC , where idC is the identity functor, and Z(C)
∗ denotes the abelian group of the
units in Z(C), that is, the abelian group of all natural isomorphisms of idC with
itself. The group of outer autoequivalences of C, Out(C), is the set of isomorphism
classes of autoequivalences of C with the multiplication induced by the composition
of autoequivalences.
In this setting, we also have a theory of obstructions, and a collective character
Φ : G → Out(C) for such an extension plays a similar role to an abstract kernel.
To it, we can associate an element k(Φ) ∈ H3Φ(G,Z(C)
∗), called the Teichmu¨ller
class, which is constructed analogously to a classic construction by Teichmu¨ller for
a similar situation with linear algebras, and to that by Eilenberg–Mac Lane, for
the study of obstructions to group extensions with non-abelian kernels considered
above.
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Theorem 4.2. [4] A collective character Φ : G → Out(C) is realizable if and only
if its Teichmu¨ller obstruction class k(Φ) ∈ H3Φ(G,Z(C)
∗) vanishes.
Let us consider the track category Cat, the objects of which are small categories,
and the 1- and 2-morphisms are functors and natural transformations, respectively.
Lemma 4.3. If we restrict the 1-morphisms in the track category Cat to equiva-
lences and the 2-morphisms to natural isomorphisms, we will have defined an abelian
track category.
Proof. We need to show that for each equivalence f : C → D in Cat, the group
Aut(f) is abelian. In order to do so, we show that for any two automorphisms α, β of
f , there exists a unique isomorphism u ∈ Aut(IdD) such that β = f
∗u+α = α+f∗u.
In fact, α+ β = α+ (f∗u+ α) = (α+ f∗u) + α = β + α.
For any object Y ∈ D, since f is essentially surjective, we can select an object
X ∈ C and an isomorphism of D, ηX,Y : f(X)→ Y . We then define uY : Y ⇒ Y ,
Y ∈ D, by uY = ηX,Y − αX + βX − ηX,Y . First, we observe that this morphism
does not depend on the choice of η. Indeed, for another family of isomorphisms
µX′,Y : f(X
′) → Y , since f is fully faithful, there will exist a unique isomorphism
φX,X′ : X → X
′ in C, such that f(φX,X′) = −µX′,Y + ηX,Y . Hence, by the
naturality of α and β, we have that uY = ηX,Y − αX + βX − ηX,Y = µX′,Y +
f(φX,X′) − αX + βX − f(φX,X′) − µX′,Y = µX′,Y − αX′ + βX′ − µX′,Y . Next, we
check that u is a natural transformation. Let ψ : Y → Y ′ be a morphism in D.
Since f is an equivalence, there exists a morphism φ : X → X ′ in C such that
f(φX,X′) = −ηX′,Y ′ + ψY,Y ′ + ηX,Y . Then the naturality of α and β implies that
ψY,Y ′ + uY + ηX,Y = ψY,Y ′ + ηX,Y − αX + βX = ηX′,Y ′ + f(φX,X′)− αX + βX
= ηX′,Y ′ − α
′
X + β
′
X + f(φX,X′) = uY ′ + ψY,Y ′ + ηX,Y ,
and so ψY,Y ′ + uY = uY ′ + ψY,Y ′ .
For all X ∈ C, we have uf(X) = −αX + βX , implying that β = α + f
∗u. The
equation TR 9 provides the second part of the equation.
As for the uniqueness of u, let us suppose that α + f∗u = α + f∗v for u, v ∈
Aut(IdD). Because α is an isomorphism, this implies that f
∗u = f∗v, and so u = v
because f is an equivalence. 
The abelian track category Cat defined above defines a class 〈Cat〉 in the third
cohomology H3(Cat∼, D
Cat).
Lemma 4.4. For every small category Cat, we have the restriction
r : H3(Cat∼, D
Cat)→ H3(Out(Cat),Z(Cat)∗),
with k(Φ) = Φ∗(r(〈Cat〉)).
4.3. The class of Cegarra-Garzo´n-Ortega. We would like to apply the Toda
class to monoidal categories. To obtain an appropriate abelian track category we
consider the following 2-category Mcat. Objects of Mcat are small monoidal cat-
egories, 1-morphisms are monoidal equivalences and 2-morphisms are natural iso-
morphisms. It follows from Lemma 4.3 that Mcat is an abelian track category.
The corresponding homotopy categoryMcat∼ is a groupoid. As any abelian track
category, it defines a class
〈Mcat〉 ∈ H3(Mcat∼, D
Mcat).
Here DMcat is a natural system such that for any monoidal equivalence f : (C,⊗)→
C′,⊗′) the abelian group DMcatq(f) is isomorphic to the following group
Zf = {α : f ⇒ f | α is a monoidal isomorphism}.
Here as usual q denotes the natural functor Mcat0 →Mcat∼.
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For f = IdC , the group ZIdC is known as the centre of the monoidal category
(C,⊗), and is denoted by Z(C,⊗)∗, see [5, p.631].
For a monoidal category (C,⊗) the group of automorphisms of (C,⊗) in Mcat∼
is known as the Picard group of (C,⊗) [5] and is denoted by Pic(C,⊗), compare with
[5, p.633]. Thus Pic(C,⊗) is the set of isomorphic classes of monoidal autoequiv-
alences of (C,⊗), with the multiplication induced by the composition of monoidal
autoequivalences.
Let G be a group. A group homomorphism ̺ → Pic(C,⊗) can be seen as a
functor ̺ : G → Mcat∼, which sends the unique object of G to (C,⊗). Hence we
obtain the class
T (̺) := ̺∗(〈Mcat〉) ∈ H3(G,Z(C,⊗)∗)
which was considered in [5, 637]. The map given by ̺ 7→ T (̺) is known as the
Teichmu¨ller obstruction map, [5, 637]. The name comes from the problem to lift
the homomorphism ̺, equivalently the functor ̺ : G → Mcat∼ to a 2-functor
G→Mcat. Thanks to Lemma 2.5 such a lifting exists iff T (̺) = 0 and if this is the
case. then set of equivalence classes of such liftings is a torsor over H2(G,Z(C,⊗)∗).
So, we obtain the main results of [5], see Proposition 4.1. Theorem 5.1 and Theorem
5.2 of [5].
Moreover, a variant of this theory is also considered in [5], where instead of
monoidal categories , so called k-linear monoidal categories are considered, where
k is a fixed commutative ring. By considering abelian track category of all small
k-linear monoidal categories, k-linear monoidal equivalences and k-linear monoidal
natural isomorphisms, one obtains similar results for k-linear monoidal categories.
Details left to an interested reader.
4.4. Obstruction class of Chen-Du-Wang. In the recent preprint [6], the au-
thors extended the theory of group extensions to groupoids. They, in fact, consid-
ered extensions of Lie groupoids. We will show how this theory (in the discrete
case) can be obtained as a particular case of our approach.
Let K be a groupoid. All groupoids are assumed to be nonempty. The set of
objects of K will be denoted by K0, while K1 denotes the set of morphisms of K. For
an arrow α ∈ K1, we let sK(α) be the source of α, while tK(α) denotes the target of
α.
A Chen-Du-Wang extension (compare with [6, Definition 3.1]) of a groupoid K
by a groupoid A is the following data:
i) A groupid G and a morphism of groupoids Φ = (Φ0, Φ1) : G→ K.
ii) The identification Gi = Ai × Ki, such that Φi is the projection to the second
factor, i = 1, 2.
iii) The source map satisfies sG = sA × sK.
iv) For objects k ∈ K0, a ∈ A0, one has
Id(a,k) = (Ida, Idk).
v) The target map satisfies the equation
tG(α, Idk) = (tA(α), k).
Here k ∈ K0 and α is a morphism of A.
vi) For any composable pair of morphisms α and β of A, one has
(α, Idk) ◦ (β, Idk) = (αβ, Idk).
If G is a Chen-Du-Wang extension of a groupoid K by A, we write
1→ A→ G
Φ
−→ K→ 1.
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Lemma 4.5. If 1 → A → G
Φ
−→ K→ 1 is a Chen-Du-Wang extension, then Φ is a
Grothendieck cofibration and for any object k ∈ K0, the maps given by
a 7→ (a, k), α 7→ (α, Idk), a ∈ A0, α ∈ A1
yield an isomorphism of groupoids
A→ Φ−1(k).
Proof. According to the Lemma ??, we only need to check that Φ is full, but this
follows from the condition ii). According to conditions iv) and vi) these maps define
indeed a functor. Objects of Φ−1(k) have the form (a, k), where a ∈ A0. Moreover,
morphisms in Φ−1(k) have the form (α, Idk) and hence the above functor is an
isomorphism. 
As in any Grothendieck cofibration, the assignment k 7→ Φ−1(k) defines a 2-
functor. Hence we immediately obtain the following fact (compare with [6, Section
3.3]).
Corollary 4.6. If 1→ A→ G
Φ
−→ K→ 1 is a Chen-Du-Wang extension, then there
is a 2-functor from the groupoid K to the 2-category of groupoids, which has the
same value A on each object of K and for the morphism κ : k1 → k2 of the groupoid
K, the induced functor
κ∗ : A = Φ
−1(k1)→ Φ
−1(k2) = A
is given on objects by
κ∗(a) = b
where the (b, k2) is the target of (Ida, κ).
Conversely, having such a 2-functor Ψ , the Grothendieck construction K
∫
Ψ gives
a Chen-Du-Wang extension, which explains [6, Theorem 4.1].
Hence the classification of Chen-Du-Wang extensions completely reduces to the
study of appropriate 2-functors, which can be done based on properties of the Toda
class of the abelian track category SGpd. Objects of SGpd are small groupoids,
1-morphisms are isomorphisms of groupoids and 2-morphisms are natural isomor-
phisms of isomorphisms of groupoids. We will see that the corresponding Toda class
〈SGpd〉 ∈ H3(SGpd∼, D
SGpd) explains several results obtained in [6]. First of all,
observe that for any small groupoid A, we have
DSGpdidA = {ξ : IdA ⇒ IdA}.
Thus DSGpdidA = Z(A) is the centre of A. The second observation is the fact that the
full subcategory of SGpd∼ corresponding to the object A is the one object category
corresponding to the group (in the notations [6]) SAut(A), which is the group of
isomorphism classes of automorphisms of A. Hence by restricting the class 〈SGpd〉
to this subcategory one obtains the class
ResA〈SGpd〉 ∈ H
3(SAut(A),Z(A)).
Let us take a small groupoid K and let Λ¯ be a functor from K to the category
SGpd∼ such that all objects of K map to A. Such a functor is called a band in [6,
Definition 3.4]. The problem still to be answered is under what conditions Λ¯ can
be lifted to a 2-functor Λ : K → SGpd. By Lemma 2.5 this happens if and only if
the class
Λ¯∗(ResA〈SGpd〉 ∈ H
3(K,Z(A))
is zero. Moreover, if this happens then isomorphism classes of such liftings form a
torsor over H2(K,Z(A)). These results reprove [6, Theorem 4.4, Theorem 4.5 and
Theorem 5.3].
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